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Analysis of Sandwich Plates with Viscoelastic
Damping Using Two-Dimensional Plate Modes
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A higher-orderassumed modes analysis for a sandwichplate is developed.The base plate is an isotropicplate with
the parallel edges of its span clampedand with its remainingedges free. An isotropicconstraining layer sandwiching
a viscoelastic core is centrally located over one-third of the span across the plate’s chord. Analysis of the base plate
uses two-dimensionalplatebendingand in-planeextension mode shapesbased on the Kantorovich–Krylov method.
Free–free one-dimensional rod modes are used to approximate in-plane motions in both x and y directions for the
constraining plate, and bending displacement compatibility is assumed between base and constraining plates. The
Golla–Hughes–McTavish method was used to account for the frequency-dependent complex shear modulus of the
viscoelastic core. Natural frequencies, mode shape functions, loss factors, and frequency responses of the sandwich
plate were calculated and compared to the results of our previous analysis using one-dimensional beam and rod
modes. Fewer modes were needed in the current analysis to achieve the same accuracy as compared to the previous
analysis. Experiments were conducted to validate predictions, and the experimental data substantially agree with
our results.

Nomenclature
E = Young’s modulus of plate material
G¤ = complex modulus of viscoelastic core, G 0 C jG 00

h i = plate thickness in each layer, i D 1; 2; 3
Mx;i = bending moment of base or constraining plate

in x direction, i D 1; 3
My;i = bending moment of base or constraining plate

in y direction, i D 1; 3
Mx y;i = twist moment of base or constraining

plate, i D 1; 3
Nx;i = in-plane normal stress of base or constraining

plate in x direction, i D 1; 3
Ny;i = in-plane normal stress of base or constraining

plate in y direction, i D 1; 3
Nx y;i = in-plane shear stress of base or constraining plate,

i D 1; 3
Q x;2 = shear stress of viscoelastic core in x direction
Q y;2 = shear stress of viscoelastic core in y direction
u1.x; y; t/ = in-plane displacement of base plate in x direction
u3.x; y; t/ = in-plane displacement of constraining plate

in x direction
v1.x; y; t/ = in-plane displacement of base plate in y direction
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v3.x; y; t/ = in-plane displacement of constraining plate
in y direction

w.x; y; t/ = bending displacement of base plate
°x;2 = shear strain of viscoelastic core in x direction
°y;2 = shear strain of viscoelastic core in y direction
º = Poisson’s ratio of base and constraining plates
½i = density of each layer in a sandwich

plate, i D 1; 2; 3
8i

u1
.x; y/ = i th in-plane mode shape of displacement u1

8i
u3

.x; y/ = i th in-plane mode shape of displacement u3

8i
v1

.x; y/ = i th in-plane mode shape of displacement v1

8i
v3

.x; y/ = i th in-plane mode shape of displacement v3

8i
w.x; y/ = i th bending mode shape of displacement w

Introduction

S INCE the 1950s, many papers have discussed the modeling
and analysis of sandwich plates with a viscoelastic core. Ross

et al.1 studied simply supported plates and assumed a perfect in-
terface and compatibility of transverse displacement in each layer.
Rao and Nakra2 developed the basic equations of vibratory bend-
ing of asymmetric sandwich plates with isotropic face plates and a
viscoelasticcore. Cupial and Niziol3 used the variationalmethod to
model sandwich plates with anisotropic face plates and presented
simpli� ed forms of the equations for a symmetric plate or for spe-
cially orthotropic face layers. The cited theories laid the foundation
for the analysis of sandwich plates. However, an effectiveand accu-
rate way to solve these problems numerically is needed. In previous
work,4 the Galerkin assumed modes method was successfully ap-
plied, in conjunction with the method of Golla–Hughes–McTavish
(GHM) (see Ref. 5), to the analysisof sandwichplates with isotropic
face plates and a viscoelasticcore using one-dimensionalbeam and
rod mode shapes. We considered sandwich plates fully treated with
passive constrained layer damping (PCLD), under clamped bound-
ary condition along all four sides. The plate mode shape functions
were approximated by one-dimensional beam and rod modes in
both x and y directions to have admissible functions that satisfy the
geometric boundary conditions. The modal frequencies were cal-
culated and validated experimentally. However, a large number of
mode shapes, especially in-plane plate mode shapes, were needed
to achieve acceptable accuracy in comparison with experimental
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data. Moreover, both modal frequencies and frequency-response
functions are needed to assess performance of sandwich structures
in engineering applications. The GHM or similar method must be
used to account for the frequency-dependentcomplex shear modu-
lus of the viscoelastic core. The additional dissipation coordinates
used in the GHM method substantially increase the degrees of free-
dom in the analysis.To calculatethe naturalfrequenciesof sandwich
plate structures, a large-order eigenvalue problem must be solved.

Our objective is to alleviate the computationalcost in these anal-
yses by using fewer assumed mode shapes. It is very dif� cult to
solve analytically the two-dimensional boundary value problems
for rectangular sandwich plates. Closed-form solutions exist only
for a sandwich plate with simply supported boundary conditions,
as described by Cupial and Niziol.3 However, free and clamped
boundary conditions are often encountered in practical engineering
applications.Alternatively,we will update assumed modes analysis
by using two-dimensional plate mode shape functions therein. We
observe that the shear deformation in the viscoelastic core causes
the coupling between the bending and in-plane motions in both the
base and constrainingplates for a sandwich plate system. Therefore,
accurate representationsof the two-dimensional plate bending and
in-plane mode shape functions would improve our assumed modes
for sandwich plate analysis. Usually, for isotropic rectangular thin
plates, the bending and in-plane vibrations are uncoupled under the
Kirchhoff hypothesis, as shown by Doyle.6 The biharmonic and
Navier’s equations correspond to the governing equations of bend-
ing and in-plane vibrations of a rectangular plate, respectively.The
next question is how to obtain these two-dimensional plate mode
shape functions for bending and in-plane vibrations of isotropic
rectangular plates.

For the bending vibration, the closed-form solutions exist only
for the Levy type of plate that is at least two parallel edges with
simply supported boundary conditions (see Ref. 7). The Levy-type
plate has an exact solution, and the displacement can be determined
using separation of variables, which reduces the plate problem to a
beamlike one-dimensionalproblem. Similarly, for rectangularplate
in-plane vibration, exact solutions exist only for the case of four
sides with simply supported boundary conditions.8 For other types
of boundary conditions, there is no separable solution form, as is
usually assumed. We need to determine the mode shape functions
for plates with free and clamped boundary conditions because they
are commonly encountered in practical engineering applications.

Fortunately, the Kantorovich–Krylov method9 can provide a
higher-ordersolution for plate bending and in-plane vibration using
a single separable term. This method was based on the variational
principle where the equilibrium position of a mechanical system is
the position corresponding to the minimum potential energy. Solu-
tions of the boundaryvalue problemfor partialdifferentialequations
(PDEs) is equivalentto the problem of � nding the function minimiz-
ing the integral of total potential energy. This equivalence enables
us to solve PDEs by minimizing the total energy. The most famil-
iar method using this principle is the Rayleigh–Ritz method (see
Refs. 10 and 11). This method provides only approximate solutions
of PDEs becausethe assumedmode shapesare onlyadmissiblefunc-
tions. The Galerkin method can provide exact solutions for PDEs,
but it is very dif� cult to � nd functions, a priori, that satisfy both
geometric and force boundary conditions for all cases. However,
the Kantorovich–Krylov variational method9 can reduce PDEs to
ordinary differential equations (ODEs), so that we can solve these
ODEs to determine the mode shape functions analytically. An iter-
ation scheme is developed to calculate the modal frequencies and
coef� cients of the correspondingmode shape functions.Bhat et al.12

solved plate bending mode shapes for boundary conditions of com-
binationsof simplysupportedandclamped cases.We apply the same
method to solve for out-of-plane(bending) plate mode shapes with
free or clamped boundaryconditions.The analyticalexpressionsfor
bending mode shapes are described in Ref. 13.

On the other hand, few papers discuss mode shapes of in-plane
plate vibration. We extended the Kantorovich–Krylov method9 to
in-plane plate vibration problems.14;15 The predictions of natural
frequency of in-plane plate vibrationwere analyticallyvalidated by
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Fig. 1 Plate with partially passive damping treatment under CFCF
boundary conditions.

NASTRAN and other results from the literature.16 Then, these two-
dimensionalplatebendingand in-planemode shapeswereemployed
in the analysis of sandwichplates using the assumed modes method,
in which the GHM method was used to account for the frequency-
dependent complex shear modulus of the viscoelastic core.

In this paper, we consider a plate with a partial PCLD treatment,
as shown in Fig. 1. The base plate was clamped along two paral-
lel edges in the x direction, with free edges along the y direction,
that is, clamped–free–clamped–free (CFCF) boundary conditions.
The plate was 304.8 mm (12 in.) long, 254 mm (10 in.) wide, and
1.5177mm (0.05975in.) thick. The passiveconstrainedlayer damp-
ing treatment was located in the center of the base plate, which
covered one-third span of the base plate and the entire chord. The
thickness of the constraining plate was 0.3969 mm (1/64 in.), and
the viscoelastic core was 0.0508 mm (2 mil) thick. We developed
a higher-orderassumed modes method for the sandwich plate anal-
ysis. The two-dimensional plate bending and in-plane mode shape
functions, which were determined using the Kantorovich–Krylov
method,9 were assumed for the base plate motion. In contrast, one-
dimensional rod modes were assumed for in-plane motion of the
constraining plate to decrease the number of modes involved. We
assumed that the bending displacement is compatible between base
and constraining plates. Again, the GHM method was used to ac-
count for the frequency-dependent properties of the viscoelastic
core. Fewer modes are needed to achieve the same accuracy as
achieved by our previous assumed modes method, in which one-
dimensional beam and rod modes were used to approximate the
two-dimensionalplate bending and in-plane modes, respectively,in
both x and y directions. The predictions of frequency, mode shape
functions, loss factor, and frequency response are validated experi-
mentally. We will describe and assess the accuracy of our proposed
method and compare it to the assumed analysis based solely on
one-dimensionalassumed modes.

Analysis of Sandwich Plate
As shown in Fig. 1, a plate with partial PCLD treatment was

investigated. The base plate is an isotropic aluminum plate under
CFCF boundary conditions. A centrally located PCLD patch cov-
ers one-third of the span and covers the chord of the base plate.
To analyze this sandwich, we have to consider two regions. The
� rst region is the base plate without PCLD treatment, which is an
isotropic rectangular plate. The Navier and biharmonic equations
can be used to describe the dynamics of in-plane and out-of-plane
(bending) vibrations,6 respectively. The second region is the base
plate with PCLD treatment, which is a three-layered sandwich
plate structure. Once we have governing PDEs for the two regions,
we could try to solve them by applying the appropriate boundary
conditions and compatibility conditions along the junctions. How-
ever, it is not practical to solve such a two-dimensional boundary
value problem for sandwichplate structures.Therefore,we resort to
the assumed modes method (Ritz method) (see Refs. 10 and 11).
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a)

b)

Fig. 2 Sandwich plate and layer displacements: a) coordinate axes and dimensions and b) layers forming sandwich.

In previous analysis,4 one-dimensional beam and rod modes
were used to approximate two-dimensional plate modes in the
assumed modes method. The displacementswere assumed to be an
expansion of plate mode shapes with unknown coef� cients. These
coef� cients were determined by second-orderODEs when these as-
sumed plate mode shapes were applied to the system energy expres-
sion. In this paper, we propose an approach to improve the assumed
modes method by using two-dimensionalplate mode shapes, which
are determined using the Kantorovich–Krylov method9 (also see
Ref. 13). We expect to save computational cost compared to the
previous method,4 in which one-dimensional beam and rod mode
shapeswere used.Also the GHM method was used to accountfor the
frequency-dependent complex shear modulus of viscoelasticcore in
both cases. We will � rst derive the governing equations of a plate
with PCLD treatment and then present our solution approach.

Governing Equations of a Plate with PCLD Treatment
The con� guration of three-layered sandwich plate is shown in

Fig. 2. Layers 1 and 3 are the isotropic face plates, made from
aluminum, and the core is the viscoelasticmaterial. The face plates
are assumed to have bending, in-plane shear, and extensional stiff-
ness, and their rotatory inertia has also been neglected in the model.
The viscoelastic core is assumed to have transverse shear stiffness
alone.

The shear strain in the viscoelasticcore (layer 2) can be expressed
by
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where d is the distance between the midplane of layer 1 and mid-
plane of layer 3 and is de� ned as

d D h2 C .h1 C h3/=2 (2)

To derive the governing equations, we can write the total kinetic
and potential energies in terms of � ve displacements: in-plane dis-
placement in face layer 1, u1.x; y; t/ and v1.x; y; t/; in-plane dis-
placement in face layer 3, u3.x; y; t/ and v3.x; y; t/; and transverse
displacement w.x; y; t/ for whole sandwich plate. The kinetic en-
ergy of sandwich plate is
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The mass per unit area for a total sandwich plate is de� ned as

½h D ½1h1 C ½2h2 C ½3h3 (4)

The total potential energy of sandwich plate, including the trans-
verse bending, in-plane energy in the face layers 1 and 3, and the
transverse shear energy alone in the core, is
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In layers 1 and 3, the resultant in-plane stresses are
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bending moments are de� ned as
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and shear stresses in the viscoelastic core are
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G will be replaced by the complex shear modulus G¤ in the govern-
ing equations later. The complex shear modulus G¤ is composed of
two components, the in-phase (real) part G 0 and quadrature (imagi-
nary) part G 00, which are de� ned in the frequencydomain. However,
the total energy of a sandwich plate will be a complex number if
we introduce the complex shear modulus G¤ into the expression
directly. This does not make sense physically. Therefore, we use
the real component of shear modulus, G D G 0, in our derivation
and replace it by the complex shear modulus, using the correspon-
dence principles,17 after the governing equation of motion has been
derived. To represent the complex shear modulus in the time do-
main, an additional damping model must be introduced to capture
the time-domainbehaviorof viscoelasticmaterials, for example, the
GHM method.

Using the Hamiltonian principle, we obtain the governing
equations and boundary conditions. There are � ve partial differ-
ential equations corresponding to � ve independent displacements.
Next, we introduce the complex shear modulus of viscoelasticcore
G¤ in place of G 0. We present the equations in terms of � ve dis-
placements: in-plane displacement in face layer 1, u1.x; y; t/ and
v1.x; y; t/; in-plane displacement in face layer 3, u3.x; y; t/ and
v3.x; y; t/; and transverse displacement w.x; y; t/ for the entire
sandwich plate:
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Here, the total bending � exural stiffness and shear force in the vis-
coelastic core are
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The governing equations (9–13) are associated with the following
possible boundary conditions along the four edges of a rectangular
sandwich plate, which were also obtained from the Hamiltonian
principle.
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It is not practical to solve analytically the boundary value prob-
lem for the three-layeredsandwich plate as just posed. Closed-form
solutions exist only for the rectangular sandwich plate with simply
supportedboundaryconditionsalong four sides, as demonstratedby
Cupial and Niziol.3 However, the combination of free and clamped
boundary conditions is commonly encountered in practical engi-
neering applications.An ef� cient and accurate numerical method is
needed to evaluate sandwich plate structures to obtain the results of
natural frequency, loss factor, and frequency response.

Approach
We have proposedthe assumed modes method for sandwich plate

analysis,4 in which the one-dimensionalbeam and rod modes were
used to approximate two-dimensional plate bending and in-plane
modes in both x and y directions. Basically, the � ve displacements
for a sandwich plate were assumed as
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where the i th mode shape function 8i
w , 9 i

u1
, 9 i

v1
, 9 i

u3
, and 9 i

v3
were approximated by the beam and rod modes in both the x and y
directionsbased on the differentboundary conditions.For example,
the plate boundary conditions is CFCF, which means the plate is
clamped two edges along x direction and free at two edges along
the y direction. Then the i th assumed mode shape function 8i

w is a
product of beam modes in the x and y directions, which is

8i
w.x; y/ D Ám

x .x/Án
y .y/ (17)

Ám
x .x/ is the mth beam mode shape function under clamped–

clamped boundaryconditions,whereas Án
y .y/ is the nth beam mode

shape function under free–free boundary conditions. Similarly, the
assumed mode shape functions for 9 i

u1
, 9 i

v1
, 9 i

u3
, and 9 i

u3
can be

obtained. We presented the mapping relationship of modal num-
ber i and associated numbers m and n in the x and y directions,
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respectively.In previouswork,4 the base plate was fully treated with
a PCLD patch. Therefore, substituting the assumed mode shape
functions for all of the displacements as illustrated in Eq. (16)
into the total energy expression in Eqs. (3) and (5) and applying
Lagrange’s equation, we can obtain the discretized second-order
ODE as

M Rx C Kex C G¤ Kvx D F (18)

The mass matrix M and stiffness matrices Ke and Kv are described
in Ref. 13. We used the GHM method to account for the frequency-
dependent complex shear modulus G¤. The details of the method
were discussed in previous work.4;13 A large number of modes,
especially in-plane modes, were needed to achieve acceptable ac-
curacy of frequency predictions compared to experimental data.4

The number of assumed modes plus additional internal dissipation
coordinates in the GHM method lead to a large degree-of-freedom
model.

A key goal of our study was to reduce computational cost. To
achieve this, we sought to improve the choice of mode shapes
used in the assumed modes analysis. A key insight can be gleaned
from Eqs. (9–13) when we assume that G¤ D 0. This results in a
decoupling of the bending and in-plane vibration equations. This
motivated a higher-order method of sandwich plate analysis using
the two-dimensional plate bending and in-plane vibration modes
from the decoupled plate bending and extension problems in our
assumed modes analysis for the sandwich plates. Therefore, ob-
taining accurate two-dimensional plate vibration modes becomes a
key element of sandwich plate analysis. The Kantorovich–Krylov9

variational method provides a method of determining higher-order
solutions for PDEs. This method can reduce PDEs to ODEs, so that
we can solve these ODEs to determine the mode shape functions
semi-analytically. An iteration scheme was developed to calculate
the modal frequencies and coef� cients of the corresponding mode
shape functions. We applied the Kantorovich–Krylov method for
plate bending and in-plane vibration problems (see Refs. 13 and
14). Based on these two-dimensional plate mode shape functions,
a new assumed mode method can be developed for sandwich plate
analysis. Now, the i th assumed mode shape function 8i

w can be
expressed as

8i
w.x; y/ D Ái

x .x/Ái
y.y/ (19)

Compared to Eq. (17), for the i th mode, the corresponding com-
ponents in both x and y are uniquely determined. For example, in
mode i D 11, the component Áx and Áy are uniquely determined,
and they are different compared to the mode i D 12. However, in the
case of using one-dimensional beam mode shape functions, the Áx

are assumed to be the same in both mode i D 11 and i D 12. For other
displacement mode shape functions, we have similar expressions,
as shown in Eq. (19).

The sandwich plate structure used in our study is shown in
Fig. 1. The PCLD treatment was placed on the center of the
plate, which fully covered the y direction and covered from
x1 D 101:6 mm (4 in.) to x2 D 203:2 mm (8 in.) in the x direction,
dividing the plate into three regions: region 1, .x; y/ D [0:101.6;
0:254]mm ([0:4; 0:10] in.), is an isotropicaluminum plate; region 2,
(x , y) D [101.6:203.2; 0:254] mm ([4:8; 0:10] in.), is a three-layer
sandwich plate; and region 3, .x; y/ D [203.2:304.8; 0:254] mm
([8:12; 0:10] in.), is an isotropic plate. For the base plate, we as-
sumed CFCF boundary conditions, and for the constraining plate
assumed free–free–free–free (FFFF) boundary conditions, where
FFFF is a plate free along all edges. The assumed modes method
was used to analyze the sandwich plate with PCLD treatment, in
which the GHM method was adopted to account for the frequency-
dependent complex shear modulus of the viscoelastic core. When
we calculate the mass and stiffness matrices, we need to integrate
for different subdomains.

Two analyses were developed. The � rst method is an assumed
modes method using one-dimensionalbeam and rod modes (analy-
sis 1). The second method is an assumed modes method using two-
dimensional plate bending and in-plane modes for the base plate
and one-dimensionalrod modes for in-plane modes in constraining

layer (analysis 2). The transverse displacement was assumed com-
patible between the base and constraining plate in both analyses. In
analysis 2, our original goal was to replace one-dimensionalmode
shape functions by two-dimensional in-plane modes for the con-
straining plate as well. However, the results were not completely
satisfactory.The problem appears to be that we need to consider the
coupling between displacement mode shapes in the base plate and
constraininglayer in Eqs. (9–13). Such coupling is neglected in our
current analysis 2, and work is continuing on improving this aspect
of the analysis.

Experimental Setup
To validate our analyses, experiments were conducted. Figure 3

shows the experimental setup. A shaker was used as the excitation
source and was suspended about 381 mm (15 in.) above the plate.
The reason for this is to minimize the in� uence of the shaker on
plate motions. If we � x the shaker, there is additional stiffness con-
tribution from the shaker, which will change the properties of the
whole system, and this effect is dif� cult to include in our analysis.
Measured natural frequenciesof lower modes using an impact ham-
mer were similar to the results under the shaker excitation for an
aluminum plate. Therefore, we do not need to include the effects of
the shaker in our analysis.

The force output from the shaker was transmitted through a load
cell and a rigid rod to the plate, as shown in Fig. 3. The rigid rod
was bonded to the surface of plate using M-bond adhesive (Vishay
Micro-Measurements,Inc.) and provided a good adhesion between
the rod and plate. The size of the rod is about 38.1 mm (1.5 in.)
long and 7.9375 mm (5/16 in.) diameter. The load cell provided the
magnitude of force input to the plate. When we assemble the whole
system, we ensurethat the rigid rod is perpendicularto the surfaceof
the plate to introducea verticalpoint force only. We normally adjust
the rod so that it just touches the surfaceof the plate by adjusting the
length of elastic strings and allow adhesive to � ll the gap between
the tip of the rod and plate providing a nearly point transverse force
input to the plate.

As shown in Fig. 3, our base is an optical table with a vibration
isolation system. This isolation workstation is made by Newport

Fig. 3 Photograph of plate testing setup.

Top Piece

Bottom Piece

Plate 
Specimen

Shim

76.2 mm (3 in.)

25.4 m
m

(1 in. )

12.7 mm
(0.5 in.)

12.7 mm
(0.5 in.)

Fig. 4 Diagram of clamping � xture.
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Corp. The optical table is Model RS-3000 with integrated tuned
damping. The top surface is 400 series ferromagneticstainless steel
with 25.4 mm (1 in.) by 25.4 mm (1 in.) screw pattern; the diameter
is 7.9375 mm (5/16 in.). An air compressor serves as the air source
to the isolation legs of the workstation system. The isolation system
� oats the table, and very low-frequency disturbancesfrom the � oor
were isolated. The details are given by Fowler et al.18

A plate was clamped by � xture on two parallel edges and free
on the other two edges, as shown in Fig. 4. The � xtures were de-
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Fig. 5 Schematic of sensor array for plate testing.
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Fig. 6 Contour plot of experimental bending mode shape functions for plate with PCLD treatment under CFCF boundary conditions.

signed to provide clamped boundary conditions and were made of
top andbottomparts.The sizeof top and bottomparts were the same,
381 mm (15 in.) long, 76.2 mm (3 in.) wide, and 25.4 mm (1 in.)
thick. The two bottom pieces were bolted to the optical table at a
distance 304.8 mm (12 in.) apart. A 330.2 mm (13 in.) by 254 mm
(10 in.) aluminum plate specimen with a thickness of 1.5177 mm
(0.05975 in.), was placed on top of the two bottom pieces. The
clamping width was a 12.7 mm (0.5 in.) at each clamped edge.
A torque of 22.597 N ¢ m (200 lbf ¢ in.) was applied to each of the
bolts to provide uniform clamping. Figure 4 shows the details of the
clamping � xture.

The plate with PCLD was 304.8 mm (12 in.) long and 254 mm
(10 in.) wide, and the base plate thickness was 1.5177 mm
(0.05975 in.) The constraining plate layer was 101.6 mm (4 in.)
long, 254 mm (10 in.) wide, and 0.381 mm (0.015 in.) thick. The
viscoelastic core is 3M ISD112 (Ref. 19) with 0.0508-mm (2-mil)
thickness. The PCLD treatment was located on the center of base
plate, which was from x1 D 101:6 mm (4 in.) to x2 D 203:2 mm
(8 in.), as shown in Figure 1. The base aluminum plate was 6061T6
with the Young’s modulus E D 68 GPa and Poisson’s ratio º D 0:3.
As shownin Fig.3, a noncontactSchaevitzDistanceStar lasersensor
was used to measure plate displacement. We obtained a frequency-
response function at 15 positions on the plate. A schematic of the
sensor array for plate testing is given in Fig. 5. The coordinates of
the measurements for our specimen are listed in Table 1.
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Table 1 Coordinates of the 15 measured locations for a plate with PCLD treatment under CFCF boundary conditions

Coordinate values, mm, at location:

Coordinate 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

x 76.2 76.2 76.2 75.41 74.61 152.4 152.4 152.4 150.81 149.22 192.09 191.29 191.29 190.5 190.5
y 252.42 190.5 127 63.5 1.59 250.83 189.71 127 63.5 2.38 251.62 190.5 127 63.5 0.79
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Fig. 7 Contour plot of analytical bending mode shape functions for plate with PCLD treatment under CFCF boundary conditions.

We chose the excitation location carefully to avoid exciting at
nodal lines of the plates. We draw the lines that equally divided the
length in both the x and y directions.Then, we can � nd the location
that can excite up to fourth mode in each direction. This simple
scheme was validatedby our experiment.To reach up to mode (1, 4),
the excitation location was located at .x; y/ D .265:879; 50:8/ mm
[.10 5

8
; 2/ in.] for the aluminum plate with PCLD.

A sine sweep signal was applied to the shaker with the load cell
feedback to maintain the constant force magnitude for the whole
frequency spectra. We set up the control voltage in the input of
the load cell, and the output voltage to shaker was adjusted based
on the feedback control algorithm integrated in the SigLab signal
acquisition system (Spectral Dynamics, Inc.).

Results
In this section, we show the results of frequency, mode shape

functions,and frequency-responsefunction for the plate with PCLD
treatment. The � rst 16 plate bending and in-plane mode shapes
were solved and used in our analysis.13 The material constant for
Young’s modulus was 68 GPa and Poisson’s ratio was assumed as
º D 0:3. The viscoelasticcorewas working under room temperature,
at 20±C.

In analysis 1, a total of 25 modes, for each of � ve displacements,
w.x; y; t/, u1.x; y; t/, v1.x; y; t/, u3.x; y; t/, and v3.x; y; t/, were
included to achieve the frequency convergence compared to exper-
imental results. Also three minioscillators were used to curve � t
the complex shear modulus of viscoelastic material in the GHM
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Table 2 Bending frequency results for a plate
with PCLD treatment

Analysis 1a Analysis 2b

Bending Experiment, Model, Error, Model, Error,
mode Hz Hz % Hz %

1,1 83.1 87.7 5.54 87.8 5.66
1,2 104.91 107.92 2.87 108.02 2.96
1,3 218.9 220.82 0.88 220.74 0.84
2,1 234.2 241.9 3.29 241.17 2.98
2,2 277.8 286.28 3.06 285.59 2.81

aAnalysis 1, 25 modes for each displacement assumed leading to 500 degrees
of freedom.
bAnalysis2, 16 modes for each displacement leading to 320 degrees of freedom.

Table 3 Loss factor results for a plate with PCLD treatment

Analysis 1a Analysis 2b

Mode Experiment Model Error, % Model Error, %

1,1 0.06 0.0448 ¡25.3 0.0486 ¡19
1,2 0.0412 0.0334 ¡18.9 0.0371 ¡9.96
1,3 0.0424 0.0275 ¡35.1 0.0304 ¡28.1
2,1 0.031 0.0302 ¡2.58 0.0328 5.81
2,2 0.0334 0.0297 ¡11.1 0.039 16.8

a Analysis 1, 25 modes for each displacement assumed leading to 500 degrees
of freedom.
bAnalysis 2, 16 modes for each displacement used leading to 320 degrees of
freedom.
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Fig. 8 Frequency response functions of a plate with PCLD, at location
11: ——, experiment; – – – , analysis 2; and –¢– , analysis 1.

method. Therefore, this will triple the degrees of freedom, resulting
in a model with 500 degrees of freedom. In analysis 2, for each dis-
placement, the � rst 16 modes were included, which led to a model
with 320 degrees of freedom.

As shown in Table 2, the frequency predictions for the � rst � ve
modes in both analyses were compared to the experimental re-
sults. The largest error was in the � rst mode for both analyses, and
both analyses achieved the same accuracy of frequencypredictions.
Table 3 shows the loss factors predicted by both analyses, and they
are compared to the experimental data.

The experimental mode shape functions calculated using the
STAR software20 were plotted in contour form and are shown in
Fig. 6. The analytical mode shape functions were plotted in Fig. 7,
as well, to compare with the experimental results. Except for the
modes (1, 1) and (2, 1), the mode shape functions match each other
between the experimental and analytical results. The frequency-
response functionspredicted by analysis 1 and analysis 2 were plot-
ted and compared against the experimental data at location 11, as
shown in Fig. 8. The analytical predictions captured the general
trend of the frequency-responsefunctions for the plate with PCLD
treatment, and both magnitude and phase were correlated to the
experimental results.

Conclusions
For a plate with PCLD treatment,we developedtwo analyses,and

the GHM method was incorporated to account for the frequency-
dependentcomplex shear modulus in both analyses.The � rst analy-
sis used one-dimensionalbeam androd modes for all of the displace-
ments in the assumedmodesmethod.We includedthe � rst 25 modes
for each displacement,which led to a system with about 500 degrees
of freedom. The second analysis was to use two-dimensional plate
bending and in-plane modes for the base plate structure, but only
one-dimensionalrod modes were applied to in-plane motion of the
constraining plate. Our goal was to reduce the number of modes
included in the assumed mode method and to maintain the accuracy
of our predictions.Therefore, we developedanalysis 2, in which we
updated assumed modes for the base plate using plate bending and
in-plane modes that were solved based on the Kantorovich–Krylov
method,9 and we used one-dimensional rod modes to approximate
the in-plane displacements in the constraining plate. In analysis 2,
only the � rst 16 modes for each displacementare included,and this
leads to a system with about 320 degrees of freedom.

The computed results of frequency, mode shapes, and frequency
response have been validated by the experimental results. For the
natural frequency predictions, as shown in Table 2, both analyses
exhibit the same accuracy compared to the experimental results.
The largest error was in the � rst mode for both analyses, which is
due to boundaryconditioneffects. However, the computationalcost
was substantially reduced compared to 320 degrees of freedom in
analysis 2 and 500 degrees of freedom in analyses 1.

Table 3 shows the loss factors predicted by both analyses, and
they are compared to the experimental data. The errors in loss fac-
tor predictions were large but reasonable for damping predictions
in a lightly damped (<5%) structure. However, we found that both
analyses predicted comparable levels of damping capacity in this
sandwich plate structure. The analytical damping predictions were
lower than the experimental data because we cannot include all of
the damping mechanism in our analyses. In analysis 2, the damp-
ing predictions were generally higher than those predicted with
analysis 1.

The experimental and analytical mode shape functions for the
sandwich plate were plotted in Figs. 6 and 7. There are differences
between analytical and experimental results for modes (1, 1) and
(2, 1). This could be the experimental errors or some other issues.
We can possibly improve the mode shape measurements using a
laser vibrometer to scan the entire plate.

The frequency-response functions predicted by both analyses
captured the trend of experimental results measured at a point, as
shown in Fig. 8. Therefore, our proposed assumed modes method
can predict the behaviors of the plate with PCLD treatment with
smaller computationalcost compared to previous approachesusing
one-dimensionalbeam and rod mode shape functions.
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